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Abstract 
The aim of the paper is to present some possibilities of the GEOMETER’S SKETCHPAD (GSP) software to realize a heuristic 
approach in a classroom environment. It is shown how the well-known Polya’s model could be used by students to discover or 
rediscover Plane Geometry assertions which are new for them. The approach is applied to a property of conics, that are inscribed 
in polygons or, which is the same, to a property of polygons, that are circumscribed round conics. In the particular case of circles 
the material is from the curriculum and it is designed for extra-curriculum teaching in the general case. Since the main result
(theorem 1) is of mathematical interest, the details of student behavior during the discovery process are left for discussion in 
another publication.        
© 2014 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
Information and Communication Technologies (ICT) provide powerful tools for supporting inquiry-based 
education in Mathematics and science. The contemporary stage of the ICT development transforms Mathematics 
into an experimental subject like Chemistry, Physics and others. ICT offers evident potential and this gives 
considerable possibilities to teach Mathematics through investigations regarding teachers' practices. Benefiting from 
the learning potential requires that teachers provide new forms of orchestration and guidance. Mathematics and 
science share some specific ways of thinking and operating. Education goes much beyond simple instruction, as it 
aims at conveying specific approaches to a special and powerful process of knowledge. Standard teaching methods 
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too often narrow the role of experiment relying only on deductive and formal presentations. Inquiry attempts to 
make the student act, within obvious limitations, similarly as to how a scientist does. The GSP software is chosen as 
a tool in the present paper analogously to the approach in (lthoen and Brandell, 2009). Details of the software are 
included in (Flores, 2010). Instead of GSP one could use GeoGebra, GeoNext, etc.      
2. Methodology of the heuristic approach (Polya’s model) 
One of the most prominent experts in Mathematical Heuristics is the American mathematician and educator of 
Hungarian origin – George Polya (1887–1985). Polya’s model is based on experience mainly. At the same time, 
accumulation of experience in science is carried out by observations on the subjects of examination. All that ensures 
a possibility of choice, which is one of the most important elements of heuristic thinking that prepares understanding 
and guess. The method of experience use is known to be induction. Thus, induction is a method by means of which 
systematic observations are realized and mutually related results are accumulated.   
Following Polya (Polya, 1954), (Polya, 1990) the first stage of induction is characterized by the so called 
orientated actions aiming at the formulation of a trial assertion (Grozdev, 2007). The orientated actions include not 
only observations and choices but also discoveries of similarities among various cases in relation with the properties 
under consideration. After its determination the corresponding similarity is subjected to a transfer onto family
objects (with respect to a definite sign), thus realizing a transfer of properties.  The analogy is essential. In a natural 
way it drives the initial situation to a generalization and a formulation of a trial assertion. The trial assertion should 
not be accepted to be true in trust. A proof for acceptance or rejection is needed. The trial assertion is subjected to a 
testing for the purpose in all the cases which have not been considered in the process of its bringing out. What come 
next are supporting actions, which characterize the induction second stage. Possibly unfavourable results from the 
supporting actions lead to a rejection of the trial assertion while the favourable ones convert it to a plausible 
assertion. Each next favourable result makes the plausible assertion more plausible (in case that some unfavourable 
results have not appeared before). It is possible to find new interesting and even unknown relationships by inductive 
actions according to Polya’s scheme. The use of a computer shortens the test of the established configurations but 
also plays an active role in the creation of new configurations. If in such a case the formulated assertion turns out to 
be more plausible, this still is not sufficient for its trueness because in fact only particular examples are involved in 
the confirmation process, no matter how many they are. The next and last stage is a strict proof. Just then the whole 
process of creating a corresponding assertion ends.  
Further, the described research approach is applied to generalize a known theorem from the Triangle Geometry, 
thus obtaining a property of conics that are inscribed in polygons. The generalization seems to be new since the 
authors do not find it in the existing literature. The computer realization is carried out by the GSP software and a 
strict mathematical proof is proposed. No doubt, the approach and the proof are new. The approach includes several 
stages, which have been exercised by selected high school students under teacher guidance. The details concerning 
the particular actions are left for consideration in another publication.  
3. A relationship, generated by conics that are inscribed in a triangle 
    Consider a triangle 1 2 3A A A  and let 1B , 2B , 3B  be  the  tangent  points  of  the  sides  1 2A A , 2 3A A  and 3 1A A
respectively with the in-circle of the triangle. The following assertion is well-known: 
The lines 1 2A B , 2 3A B  and 3 1A B  are concurrent.                                                                                                (1)
    Denote the common point from the assertion by J.  It  is the famous Gergonne point (Fig. 1 (a)) (Grozdev, 2007) 
and according to Ceva’s theorem its existence is equivalent to the equality: 
3 31 1 2 2
2 1 3 2 1 3
. . 1
A BA B A B
A B A B A B
  .                                                                 (2) 
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  The triangle 1 2 3A A A  has three ex-circles and a natural question is whether an analogous assertion is true 
concerning each of them. Corresponding constructions are possible by the GSP software and the supposition could 
be confirmed. Thus, after replacing the in-circle by an ex-circle the lines 1 2A B , 2 3A B  and 3 1A B  turn out to be 
concurrent again (Fig. 1 (b)). Properties (1) and (2) remain true. 
    Now note that the in-circle and the ex-circles of 1 2 3A A A'  are only four elements of the infinity set of all conics 
that touch the lines 1 2A A , 2 3A A  and 3 1A A . Consequently, a continuation of similar observations is natural. Let k  be 
an arbitrary conic through the points 1B , 2B  and 3B  such that the lines 1 2A B , 2 3A B  and 3 1A B  are tangent to k ,
respectively. Experiments by GSP show that property (1) remains true independently on the triangle 1 2 3A A A  and no 
matter what is the type of k : ellipse, hyperbola or parabola. The conclusion is the following: 
If the lines 1 2A A , 2 3A A  and 3 1A A  defined by a triangle 1 2 3A A A are tangent to a conic k at 1B , 2B  and 3B ,
respectively, then the lines 1 2A B , 2 3A B  and 3 1A B  are concurrent  (Fig. 2).                                                         (3) 
   Because of Ceva’s theorem, property (2) is a corollary of (3). Let us analyse the sequence of the formulated 
results.  We have  begun with  a  known situation,  which  is  connected  with  the  Gergonne point  of  a  given 1 2 3A A A'
(Fig. 1 (a)). The attention has been directed to observations on the points 1B , 2B  and 3B  in relation with properties 
(1) and (2). The first ones have been executed on the ex-circles (Fig. 1 (b)), which are similar to the in-circle and 
analogous properties to (1) and (2) have been obtained. The established similarity has been transferred to conics, 
whose family contains circles (Fig. 2). In such a way a generalization has been deduced leading to the trial assertion
(3).
J
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B3
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Fig. 1 (a) (b) 
B1
P
A3
A2A1
B2
B3
Fig. 2 
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Testing of (3) could be executed by an abundant set of dynamic particular cases due to the possibilities of the GSP 
software. The testing results are confirming and the assertion turns to a plausible one. The considerable variety of 
cases, all of them confirming, make an impression that the reliability is proved already. But a geometric 
demonstration even bright is not acceptable as a proof. A strict mathematical one is needed. A possible variant is to 
apply the well-known Brianchon’s theorem (Grozdev, 2007), which is not discussed in the present paper. Another 
proof will be mentioned at the end. 
4. A relationship, generated by a conic that is inscribed in a polygon 
4.1. Consider a quadrilateral 1 2 3 4A A A A  obtained by the intersection of arbitrary lines 1 2A A , 2 3A A , 3 4A A  and 4 1A A ,
that are tangent to a given conic k  at the points 1B , 2B , 3B  and 4B , respectively  (Fig. 3 (a)). It is clear that a direct 
analogue of (3) does not exist since an opposite side to a vertex of 1 2 3 4A A A A  could not be defined in a unique way.  
    On the contrary, an analogue of (2) seems to be natural. By means of the GSP software the simple quotients of the 
segments 1 2A A , 2 3A A , 3 4A A  and 4 1A A  related to the points 1B , 2B , 3B  and 4B  could be determined and the 
following property could be established:
3 31 1 2 2 4 4
2 1 3 2 4 3 1 4
. . . 1
A BA B A B A B
A B A B A B A B
 .                                                            (4) 
No matter how k  and the points 1B , 2B , 3B  and 4B  are changed, assertion (4) remains true. 
4.2. Consider a pentagon 1 2 3 4 5A A A A A  obtained by the intersection of arbitrary lines 1 2A A , 2 3A A , 3 4A A , 4 5A A  and 
5 1A A , that are tangent to a given conic k  at the points 1B , 2B , 3B , 4B  and 5B , respectively (Fig. 3 (b)). Now the 
expectation is that the lines 1 3A B , 2 4A B , 3 5A B , 4 1A B  and 5 2A B  are concurrent analogously to (3). A similar relation 
to (2) and (4) is expected too. In order to check these suppositions we construct a conic k  and a pentagon 
54321 AAAAA  defined by the tangent points 1B , 2B , 3B , 4B  and 5B  using the GSP software. The first conclusion 
is that the lines 1 3A B , 2 4A B , 3 5A B , 4 1A B  and 5 2A B  are not concurrent if the points 1B , 2B , 3B , 4B  and 5B  are 
chosen arbitrarily. Thus, assertion (3) could not be generalized as a property even in the case of polygons with an 
odd number of sides. For this reason we abandon such a track of investigations.  
   Further, consider the simple quotients to which the points 1B , 2B , 3B , 4B  and 5B  divide the segments 1 2A A ,
2 3A A , 3 4A A , 4 5A A  and 5 1A A , respectively. Their product turns out to verify the following equality: 
A1
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Fig. 3 (a) (b) (c) 
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3 3 5 51 1 2 2 4 4
2 1 3 2 4 3 5 4 1 5
. . . . 1
A B A BA B A B A B
A B A B A B A B A B
 .                                                   (5)  
4.3. Consider a hexagon 1 2 3 4 5 6A A A A A A  obtained by the intersection of arbitrary lines 1 2A A , 2 3A A , 3 4A A , 4 5A A ,
5 6A A  and 6 1A A , that are tangent to a given conic k  at the points 1B , 2B , 3B , 4B , 5B  and 6B , respectively (Fig. 3 
(c)). Again by means of the GSP software we come to: 
3 3 5 5 6 61 1 2 2 4 4
2 1 3 2 4 3 5 4 6 5 1 1
. . . . . 1
A B A B A BA B A B A B
A B A B A B A B A B A B
 .                                                     (6) 
    All equalities (2), (4), (5) and (6) give sufficient arguments to formulate the next  
Theorem 1. If 1 2 3 nA A A A  3n t  is a polygon, obtained by the intersection of the lines 1 2A A , 2 3A A ,  …, 
1n nA A  and 1nA A , which  are tangent to a given conic k  at the points 1B , 2B ,. . ., 1nB   and nB  respectively, then 
the following equality is verified:  
 1 11 1 2 2
2 1 3 2 1 1
. . 1
nn n n n
n n n
A B A BA B A B
A B A B A B A B
 

  . (7) 
The analysis of the consecutive steps during the establishment of the general result of Theorem 1 shows that at 
the beginning a known situation, connected with the equation (2), has been considered (Fig. 1 (b)). Observations on 
the behavior of the tangent points of k  have been performed in relation with property (2) concerning polygons with 
more than three sides. The observations have considered quadrilaterals (Fig. 3 (a), pentagons (Fig. 3 (b)) and 
hexagons (Fig. 3 (c)), all of them being circumscribed round given conics. Thus, similar situations to the triangle 
one have been examined and similar properties to (2) have been discovered expressing them by equalities (4), (5) 
and (6). The established similarity has been transferred to all polygons with n  sides, each of them being a member 
of one and same family of arbitrary circumscribed triangles with respect to conics. Thus, a generalization has been 
obtained and the final result has led to a trial assertion. 
It  is  possible  to  continue  the  observation  by  the  GSP  software  in  the  cases  7n   and 8n  . Further 
confirmations could be established. The new particular cases are supporting actions in the testing of Theorem 1. The 
confirmations make the formulated assertion more plausible according to Polya’s model. 
5. Proof of Theorem 1     
    Let p  be a focal parameter of a conic k , let e  be the eccentricity and let the focus be in point O . Through 
arbitrary points 1B , 2B ,. . ., 1nB  and nB  on k  consider corresponding tangents 1 2A A , 2 3A A ,  …, 1n nA A and 1nA A ,
that form a polygon 1 2 1n nA A A A  (no matter if it is convex or not).  The introduced geometric objects are 
considered in the complex plane with respect to a Gauss co-ordinate system. With respect to such a system the 
following formulae are verified for the affixes (Grozdev, 2007): 
2
2
. 2.j j j
p
b
e t t e
 
 
 1,2, ,j n  ,                                                               (8) 
1
1 1
2
. n n
p
a
e t t t t e
 
  
,
1 1
2
.j j j j j
p
a
e t t t t e 
 
  
 1,2, ,j n  ,                                 (9)
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where 1jt   1,2, ,j n  . Since the simple quotient of any three collinear points kA , lA  and jB  is expressed by 
the equality k j k j
l jl j
A B a b
a bA B

 

, the following relations are obtained from (8) and (9) after certain transformations: 
11 1 1
2 1 22 1
.n
t tA B a
t t aA B

 

, 1
1 11
.k k k k k
k k kk k
A B t t a
t t aA B

 

 

 2, , 1k n  , 1
1 11
.n n n n n
nn
A B t t a
t t aA B
  

. (10) 
Directly, it follows from (10) that  1 11 1 2 2
2 1 3 2 1 1
. . 1
nn n n n
n n n
A B A BA B A B
A B A B A B A B
 

   and this ends the proof of Theorem 1. 
Because of Ceva’s theorem we get a proof of (3) too.   
6. Conclusion 
   Note that the described general heuristic scheme of obtaining assertions is realized in two variants. The first 
generalization (3), which is equivalent to (2), has been established for triangles and by analogy we have reached 
inscribed conics. The second generalization is expressed by Theorem 1 and is based on the first one. It has been 
performed for conics with respect to circumscribed polygons. The mathematical induction method has been applied 
relating to the number of the circumscribed polygons, of course not in a complete form. Theorem 1 is a 
generalization of (2), but it does not generalize (3) for odd 3n t . Thus, the concurrence of the lines 1 2A B , 2 3A B
and 3 1A B  for 2 1n m   does not turn to a concurrence of the lines 1 1mA B  , 2 2mA B  , . . ., 2 1m mA B   and 2 1m mA B . For 
this reason the mentioned property of the triangle is “resistant” to an increase of the vertex number until the case of 
5n t  vertices. The same concurrence is stable under a conic change (no matter how the inscribed conic of a given 
1 2 3A A A'  changes, the lines 1 2A B , 2 3A B  and 3 1A B  remain concurrent). Theorem 1 shows stability of (2) not only 
with respect to a conic change but also in relation with the number of the vertices.  
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